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Complexity:
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An application

O

Does there exist a perfect matching?

Want efficient parallel algorithms.

O

Question: Can we test non-zeroness

of “efficient polynomials™?

O O
OA’O Firstly, what are efficient polynomials?

Tuttes Theorem

The graph has a perfect matching if and only if
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Algo Good lower bounds imply good upper

bounds for polynomial identity testing. f\\}
Deterministic algorithms for polynomial ‘é"!y

identity testing has many applications.
Compl. VP # VNP is easier to prove than
P #£NP.

Math. The “Det vs Perm” is a very elegant
mathematical question.

Fame “The determinant of this conjecture would become permanently
famous.” - Neeraj Kayal
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How does one begin?

» [Baur-Strassen 83]: An )(nlogd) lower bound for an explicit
polynomial computed by an arithmetic circuit.

> [Kalorkoti 85]: An £2(72?) lower bound for an explicit polynomial
computed by an arithmetic formulas.

“If you can’t solve a problem, there is a simpler problem that you
can't solve. Find it” — George Palya

... lower bounds for small-depth circuits.
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Constructamap I' : F[xy,...,x,] = N, that assigns a number to every
polynomial such that:
Typically I'(f') is the rank of some associated linear space.

0 If f is computable by “small” circuits, then T'(f) is “small”.

@ For the desired polynomial / we wish to show a lower bound, then
I(f)is “large”.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are just 2¢ linearly independent partial
derivatives of £ -+- ;.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are just 2¢ linearly independent partial
derivatives of £ -+- ;.

Aly-ly) = )by lyt+ o+l by - 9(Ey)

X X

€ span{Hz 1,18 = }

€S




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are just 2¢ linearly independent partial
derivatives of £ --- £ ;.
A generic polynomial is expected to have %)
derivatives.

independent partial




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.

m

8{1

X

8:/6
\ coeff. of m in da(f)
|

Mons of degree d — k




Examples
» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
-4,
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.
» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q 7.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms

of the form Q; - Q 7.

Z(Qr+Qy) = Q) Q- Q- + Q- Q4+ 9(Q,)
span{xzﬁ-HQi :Sclr],|S|=r— 1}

1€§

m




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q 7.

8x((gl'“Qr) = 9x(Ql)Q2Q7+ +Q1“'Qr—l.3x(Qr)
€ span{xzﬁ-HQi :Sc[r], |S|:r—1}

1€§

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form
0t
Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q;---Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.




Examples

» [Nisan-Wigderson-95]: SI1¢ ¥ circuits, sum of terms of the form

0ty

Key observation: There are “few” linearly independent partial
derivatives of £ -+-{ ;.

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q;---Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

x=t{ 9=k

m

Mons of degree { +d — k

Xﬁ axar

\ coeff. of m in x5 = (f)
|




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

Low degree High degree
mons. mons.




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

Low degree High degree
mons. mons.
N

[GKKS-12]




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

Low degree High degree High degree
mons. large support mons. | | small support mons.
v Eg. x;---xy Eq. x;[/zxf/z

[GKKS-12]




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

Low degree High degree High degree
mons. large support mons. | | small support mons.
N E d/2_df2
SXpt X, Eg. x,/“x
[GKKS-12] g 9 %%

> IDEA 1 - RANDOM RESTRICTIONS: Randomly set a small number of
variables to zero




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.

» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

e

Low degree High degr High degree
mons. large supp6rt mons. | | small support mons.
N /E/ d/2_df2
SXpt X, Eg. x,/“x
[GKKS-12] 91 g X%,

> IDEA 1 - RANDOM RESTRICTIONS: Randomly set a small number of
variables to zero




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.
» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

e

Low degree High degr High degree
mons. large supp6rt mons. | | small support mons.
N /E/ d/2_df2
DX X‘ E X X
[GKKS-12] 91 g X%,

> IDEA 1 - RANDOM RESTRICTIONS: Randomly set a small number of
variables to zero

» IDEA 2 - MULTILINEAR PROJECTION: Discard all non-multilinear
monomials




Examples..

» [Gupta-Kamath-Kayal-Saptharishi-12]: YIVISITY circuits, terms
of the form Q; - Q .

Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.
» hom. ZIIXII circuits: terms like Q) --- Q,, with total degree d.

e e

Low degree High degr High degr
mons. large supp6rt mons. | | small supp6rt mons.
N d/2_dj2
[GKKS-12] /Eg 1 d /ngl )

> IDEA 1 - RANDOM RESTRICTIONS: Randomly set a small number of
variables to zero

» IDEA 2 - MULTILINEAR PROJECTION: Discard all non-multilinear
monomials




Examples..
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Key observation: Many low-degree combinations of partial
derivatives are zero if all Q;s have low degree.
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» [Kayal-Limaye-Saha-Srinivasan-13], [Kumar-Saraf-13]:
hom. XIIXII circuits: terms like Q - -+ Q,, with total degree d.

T(f) = dim(multox=d=*(o(f)))

Dimension of projected shifted partials of a random restriction of f.
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REMARKS:
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» The proof ought to work for VP also but we don't have a tight
enough analysis (yet).

» Shows why the [Kayal-Limaye-Saha-Srinivasan-14, Kumar-Saraf-14]
technique couldn’t separate depth five from depth four.

» Other fields?
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Summary

“Tlost you a while back... what do I need to remember?”

Two possible ways to prove VP # VNP:
Prove an 7V lower bound for SISV circuits over Q.

Prove an n“’(ﬁ) lower bound for ZH‘/EZH‘/E circuits.

We already have nUVd)

slightly more general classes!

lower bounds in both cases, in fact for

Some stuff happened with depth five circuits over small fields.

You should be super-excited by all this!
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